We genaralize the ground ring struture to all other special BRST invariant operators in the right branch in the c = 1 Liouville theory. we also discuss correlation functions of special states on the sphere.
Introduction
Two dimensional string theory is believed to be a good toy model for investigating issues such as a complete string field formulation, gauge symmetries as well as exact blackhole solutions in higher dimensional strings. Most of all, it is exactly solvable perturbatively [1] . It is remarkable that in addition to the tachyon field, which should have been the only physical mode in two dimensions, there are infinitely many discrete physical modes as remnants of transverse excited fields. These physical states were first seen in the calculation of the tachyon two point function in the matrix model [2] as poles at special external momenta, and later were confirmed by Liouville calculation [3] and by free field BRST analysis [4] . Much has been done for correlation functions of tachyons in the matrix model [2] [5] [6] and also in the Liouville theory on the sphere [7] . All results are in remarkable agreement. It remains to be done for correlation functions of special states and mixed correlation functions of special states and tachyon states. It is the purpose of this paper to calculate the former on the sphere in the Liouville theory.
The special states of standard ghost number can be easily seen and constructed in light of the fact that it has long been known that in c=1 conformal field theory there are additional primary states at special momenta [8] . Consider a compactified scalar of radius √ 2. The enlarged current algebra is an SU (2) current algebra of level 1. The SU (2) currents are J ± (z) = exp(±i √ 2X(z)) and J 3 (z) = i/ √ 2∂X(z). Denote the usual primary field at momentum s √ 2 by V s,s = exp(is √ 2X(z)), where s is a positive integer or half integer. Now the additional primary fields are V s,n obtained by applying the zero mode of J − to V s,s s − n times. This construction is valid independent of the radius of X. Now the (1,1) primary field in the Liouville theory is constructed by dressing V s,nVs,n with exp( √ 2(1 ∓ s)φ), where φ is the Liouville field. We shall consider an uncompactified scalar X in which case we have to have the same momenta in the left and right sectors. Denote, following Witten [9] , these states by W 
( Witten recently discovered a ground ring structure among operators O [9] , and one naturally expects this ring structure be helpful in determining correlator (1.1). This turns out to be partly true. We shall generalize the ground rign structure to all BRST invariant operators in the right branch in section 2. What we will show is that the generators of the ground ring together with a couple of other operators generate all the special operators in the right branch. We then use this fact to devise a reshuffling argument in section 4. We will show by this reshuffling argument that correlator (1.1) when n i = 0 can be reduced to a simple one which depends only on the number of inserted operators and the sum of s i . And this simple correlator turns out to be zero if we rescale all operators by a infinitely small factor. We have not been able to generalize the reshuffling argument to a general case. Section 3 is devoted to some explicit calculations of three point correlators of the type in (1.1) and mixed type, namely with some Y − operators. We use a certain regularization in calculating correlators. The fact that some correlators are regularized to be zero is confirmed in section 4 by use of the reshuffling argument.
Some un-rescaled three point correlators of one Y − operator and two Y + operators calculated in section 3 are relevant to the perturbed OPE considered in [12] .
1 I am grateful to K. Li for an enlightening discussion on this issue.
We should stress that all correlators (amplitudes) considered in this paper are Liouville bulk correlators. The discrepancy between our result about the correlators of the Y + 's and the matrix model calculations in [13] indicates that the nonvanishing results in the matrix model are to be explained by the tachyon wall effects.
Generalization of The Ground Ring
Lian and Zuckerman calculated the free field BRST cohomology in the c=1 Liouville theory [4] . In addition to the usual tachyon operators, they find discrete operators with various ghost numbers. We shall use superscript + to indicate a discrete operator with a Liouville momentum p < √ 2, an operator in the right branch; and use superscript − to indicate an operator with a Liouville momentum p ≥ √ 2, an operator in the wrong branch.
As we showed in the introduction, one can construct operators Y can be written in a form x s+n y s−n . x and y are defined as
A natural question is how to use this ring structure in calculating correlation functions.
To answer this question, one must first generalize this ring structure to the whole ring of physical operators in the right branch. To fix notation, we use the following normalization
where the meaning of the contour integrals is the following. The first contour integral surrounds the position of W + s,n . The next contour integral surrounds the first one, and so forth. The normalization in (2.2) is motivated by an explicit calculation of Klebanov and Polyakov [12] . Define operators
Klebanov and Polyakov showed that these operators satisfy w ∞ algebra
or equivalently, the following OPE
Now consider a product Y c∂φ, corresponding to the identity operator. In fact, this operator is BRST exact in some sense. One can show that
where Q is the diffeomorphism BRST operator. X + 0,0 is considered as a nontrivial BRST invariant operator in [4] , since there is no state in the Fock space corresponding to operator φ.
It is easy to see that the term proportional to ∂c in the product X + 0,0 x s+n y s−n is (s + 1)∂cx n y m . The latter is defined as a normal ordered product. By a theorem in [4] , operator X + 0,0 x s+n y s−n is a nontrivial operator and is not annihilated by b 0 . We define
The product Y 
It remains for us to determine the coefficient a s,n . To this end, we first show that , we find a s,n = 1/(2s). Finally, we obtain
(2.6) is a easy consequence of (2.9). Rewrite
Using (2.9) again and the definition (2.5) we find (2.6).
(2.5) and (2.6) tell us how those operators of ghost number one are generated by .6). This is wrong, since ∂c is not a BRST closed operator hence the product is not well defined. Nevertheless, we expect from (2.
Using (2.6) and the basic products Y 
The above equation tells us ∂cY 
We now turn to the ghost number one operators in the wrong branch, namely Y To fix the normalization of Y − s,n , again we follow [12] . Define
It was shown in [12] that
We shall use (2.13) to prove that
We divide our proof into three steps. 
14)
The first term on the r.h.s. is not zero, as we learned before. Suppose Y After a few calculations, we find
where S is an arbitrary integer such that S ± n − s ≥ 0.
Three Point Correlators of Special Operators
We shall calculate various three point functions of special states in this section. The action under consiedration is
where we have suppressed the action of the ghosts. We have put a short distance cut-off Γ(ǫ), ǫ → 0 + explicitly into the cosmological term. The origin of this cut-off is of course the short distance divergence. In calculating an amplitude of tachyons, one needs to perform a multi-complex integral. The integrand usually displays poles when two complex points approach to each other. There are two equivalent regularization prescriptions. One prescription is to simply introduce a cut-off in the integral such that any two of complex positions are saparated by a mimimal distance. Another is to shift the exponent in each factor |z i − z j | α ij by a small amount proportional to ǫ. It turns out that Γ(ǫ) will appear in the place of |logλ|, λ is the short distance cut-off. The reason for us to put a factor Γ(ǫ) in the cosmological term is that the cosmological term decouples from the tachyon amplitude thereby needs an infinity rescaling factor. This is true for those special tachyon vertices in the wrong branch [7] , namely when the Liouville momentum p ≥ √ 2. For those special tachyon vertices in the right branch, an infinitely small factor [Γ(ǫ)] −1 is needed in rescaling vertices, however. One expects this phenomenon persist for special operators we are considering.
We are going to use the same trick as in [14] to calculate three point correlators. We first perform integration over the Liouville zero mode, effectively bringing down a power of the cosmological term. The power is always a positive integer for three Y + operators.
So this ad hoc trick is equivalent to expanding e −S in terms of the cosmological term.
We expect a scaling behavior (s!) −1 (−µ) s |logµ| in this case. The term |logµ| is just the Liouville volume, resulting from the integration over the Liouville zero mode. The power of the cosmological term we bring down may become zero or a negative integer in other cases. Then we need an analytic continuation technique used in the second paper in [14] .
Three Point Correlators of Y +
We are going to calculate
where the subscript µ indicates the correlator is defined with action (3.1). We integrate over the Liouville zero mode to obtain
The expectation value in (3.2) is to be calculated without the cosmological term in the action. The integration of the Liouville zero mode is represented by |logµ|. We have used . Now the part from the matter sector X is just
other ∆ ij are obtained from ∆ 12 by permutations. The structure constant C is proportional to the Clebsch-Gordon coefficient. It is not zero only when i n i = 0 and s 3 = |s 1 − s 2 |, · · · , s 1 + s 2 . Next we calculate the contribution from the Liouville sector. The result is
Our strategy is to fix z i and integrate over w i . We immediately find that the multicomplex integral is divergent. To regularize the integral, we should shift the expononets in |w i − w j | −4 to −4 + 4ǫ. To have a SL(2, C) invariant integrant, other exponents must be shifted accordingly. For example, the exponent in |w i − z j | −4(1−s j ) is shifted to −4(1 − s j ) − 4ǫ(s j − 2/3). After doing shifting and fixing z i , the integral we need to do is
This integral is not symmetric in all s i superficially. As we soon see, the final result is symmetric. The integral is performed in [15] . We simply write down the final answer
Note that there is a factor Γ −s (ǫ) appearing in the above formula and is to be cancelled by the factor Γ s (ǫ) in (3.2). Note also that we have assumed that each s i ≥ 1, so s ≥ 2.
The above result tells us that the multi-complex integral goes to zero in general.
Collecting (3.2) and (3.4) together, we find
The final result is divergent, as we expected. To have a finite result, one should rescale operators W + . If one rescale each operator by a factor Γ −1 (ǫ), then one has a vanishing result from (3.5). We can not attribute the factor Γ −1 (ǫ) in the rescaled correlator to the partition function. The reason is the following. The correlators of tachyon vertices of generic momenta are finite, no matter how one rescale the partition function. To agree with the matrix model calculation, one therefore requires a finite partition function. 
Three Point Correlators of Mixed Type
Again we perform the integration over the Liouville zero mode first, we will get a formula similar to (3.2). Now s = s 1 + s 2 − s 3 − 1, which can be positive, zero and negative. We would have exactly same formula as in (3.2) if s is positive. The structure constant C must be replaced by anotherC, since we use different normalization for the matter part of Y − (see section 2). We repeat steps in the previous calculations and finally reach (3.3). The integral is not given by (3.4) since this time s 3 appears in s with a different sign. It is not hard to use a formula in [15] to obtain the regularized integral
The arguments in gamma functions in the product are all positive, since for example 2s 1 − s = s 1 + s 3 − s 2 + 1 is always positive by the fusion rules in the matter sector. It is notable that the integral goes to zero for positive s for which (3.6) is valid. Note that the above formula is also good for s = 0, provided we forget about the product
. It is just 1 as expected. We write down the correlator
The regulator Γ(ǫ) simply disappears in the correlator.
There are two implications of formula (3.7). First, as one should rescale Y + operators by Γ −1 (ǫ), one should also rescale Y − operators by Γ(ǫ). We already know that this is necessary for the cosmological term. If we do so, the rescaled correlator will be zero again, as (3.7) tells us. However, if one does not rescale any operator at all, we will get perturbed OPE of two W + operators from (3.7). The s = 0 case corresponds to the leading term in the OPE and is given in [12] . It is just the unperturbed OPE. Thus it would be interesting to use (3.7) to check the conjecture made in [12] about the full OPE and to construct a space-time action for special states with a nonzero cosmological constant µ.
The negative s is unique, s = −1. This is because the maximal value of s 3 is s 1 + s 2 .
To define the "integral", we need use a kind of analytic continuation. Indeed every term in (3.6) is perfectly defined except for those in the product. The product is of form
If we are bold enough to use Dotsenko's suggestion [16] to define a product
, we can rewrite the un-defined product in (3.6). There is a subtlety to notice, however. If we start with the formula in [15] for the integral and use Dotsenko's prescription, the result is different from the one we can read from (3.6). The correct answer is (−π)
The result is divergent as Γ 2 (ǫ). Had we start with (3.6), we would have obtained a divergent factor Γ(ǫ) and the same numeric coefficient as in (3.8) . Using (3.8) we obtain the three point correlator
The integration of the Liouville zero mode gives Γ(1) = 1 instead of the Liouville volume |logµ|. Unlike (3.7), the correlator in (3.9) is divergent and the rescaled correlator is finite.
A Reshuffling Argument
We have learned from (3.4) that the "bare" expectation value in (3.2) is zero if s > 2.
This is the generic case since we consider s i ≥ 1 only. It would be nice if we can confirm this result by using the product representation of Y + operators in section 2. We shall use a reshuffling argument which unfortunately applies to three point correlators only thus far.
Let us consider a four point correlator of the form
where we have inserted another operator OO. All positions of operators in the correlator are fixed, since all operators are of conformal dimension (0, 0) and the total ghost number in each sector is three.
Again we integrate the Liouville zero mode first and obtain and y factors among all Y + operators, since some reshuffling will result in a X + operator and integration of this operator over the surface is not well defined [17] . Another issue is that one should worry about contact terms. These difficulties disappear if we consider correlators of operators of zero momenta in the X direction exclusively. We shall discuss these correlators in the end of this section.
Come back to the three point correlator, we would like to show that it is zero by using the reshuffling argument. From (3.5) we learn that the dependence of the bare correlator on n i is through the structure constant C. One can always choose n 1 = 0 and a certain n 2 = −n 3 = n such that the structure constant is not zero (there is always an integer s i , let s 1 be an integer). To prove the vanishing of the bare correlator, we assume n 1 = 0. By use of the reshuffling argument and (2.6) in section 2, we get 
It is easy to see that for the matter part on the right hand side of (4.2), one needs only to evaluate correlators A remark is in order. One may wonder why we do not just calculate the OPE in (4.2) to show directly that the correlator is zero, uisng the fact that Y where we suppressed the anti-holomorphic sector again. As we showed in section 2, the product Y We have to evaluate a regularized multi-complex integral again. We shall not do it here.
Suffices it to say that the regularized integral is proportional to Γ −1 (ǫ), which is just zero. N = 3 is a special case, and from (3.4) we see that the regularized integral indeed goes to zero. It can be proven that even when s − 1 < N − 1, the regularized multi-complex integral is zero.
To summarize, we have shown that for all three point correlators and correlators of Y + with zero X momentum the bare correlators are zero whenever the scaling exponent s > 0. We would like to conjecture that this is always the case and futhermore the rescaled correlators are zero whenever s > 0.
Conclusion
We have shown that the generators x and y of the ground ring can be used to generate other BRST invariant operators. This fact makes possible a reshuffling argument by which some calculations of three point correlators in section 3 are confirmed by an independent method. We also show that bare correlators of operators with zero X momentum vanish.
This leads us to conjecture that indeed all Liouville bulk correlators of operators in the right branch are zero. If this is true, then the nontrivial results obtained in [13] must be explained in other way, maybe by tachyon wall effects. It would be interesting to make further use of the ground ring structure.
